Supersymmetric WZ-Poisson sigma model 
and twisted generalized complex geometry 

Ivan Calvo* 

Department of Theoretical Physics 
University of Zaragoza, E-50009 Zaragoza, Spain 



Abstract 



It has been shown recently that extended supersymmetry in twisted first- 
order sigma models is related to twisted generalized complex geometry in 
the target. In the general case there are additional algebraic and differential 
conditions relating the twisted generalized complex structure and the geo- 
metrical data defining the model. We study in the Hamiltonian formalism 
the case of vanishing metric, which is the supersymmetric version of the WZ- 
Poisson sigma model. We prove that the compatibility conditions reduce to 
an algebraic equation, which represents a considerable simplification with 
respect to the general case. We also show that this algebraic condition has 
a very natural geometrical interpretation. In the derivation of these results 
the notion of contravariant connections on twisted Poisson manifolds turns 
out to be very useful. 
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1 Introduction 



Generalized complex structures (0,0) on a manifold M are objects defined 
on TM © T*M which unify complex and symplectic geometry and interpolate 
between them. Recently, there has been much activity related to field theory 
realizations of generalized complex structures. Recall that extended supersym- 
metry in two-dimensional sigma models is related to complex geometry (jH]) in 
the target. On the other hand, in the first-order formulation the fields of the 
models take values in TM © T*M. This led to investigate the conditions for the 
existence of extended supersymmetry in first-order actions. The task was started 
in jlUj and systematically carried out in where it was shown that extended 
supersymmetry is closely related to generalized complex geometry in the target. 

Later, in [T^], it was shown that the Hamiltonian formalism allows to rederive 
and extend the results of in a transparent fashion. In particular, it is proved 
in a model-independent way that if the generators of a second supersymmetry 
(denoted by 0.2(e)) ar e to satisfy the supersymmetry algebra, the target must 
be a (twisted, if a WZ term is present) generalized complex manifold. Choos- 
ing a concrete model (i.e. a concrete Hamiltonian) and imposing that 0.2(e) be a 
symmetry should yield some compatibility conditions relating the geometrical ob- 
jects defining the model and the generalized complex structure J . In the general 
case (^5) these conditions include a number of algebraic as well as differential 
equations. 

Following the approach of JH] we work out these compatibility conditions 
for the case of vanishing metric in the first-order sigma model, including a WZ 
term. When the closed 3-form H defining this twisting term vanishes, it is the 
supersymmetric version of the Poisson sigma model (|12j). related to deforma- 
tion quantization (0,0)- F° r H 7^ it is the supersymmetric version of the 
WZ-Poisson sigma model (0), whose target is equipped with a twisted Poisson 
structure II. We show that the notion of contravariant connections on twisted 
Poisson manifolds is the key for unraveling the differential compatibility condi- 
tions between II and J . We prove that, remarkably, the differential compatibility 
conditions are implied by the algebraic ones 1 , for which we also give a simple ge- 
ometrical interpretation. The main result of this paper can be stated as follows: 

The WZ-Poisson sigma model admits N = 2 supersymmetry if and only if 

J {La) C Ln 

where Lu C TM © T*M is the Dirac structure associated to II (see definitions 
in Section 3). 

1 This was already pointed out for the untwisted Poisson sigma model in pQ. 
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2 Contravariant connections on twisted Poisson man- 
ifolds 



Let M be an m-dimensional manifold. A twisted Poisson structure or H-Poisson 
structure on M ([0],JS1) is denned by a bivector field II and a closed 3-form H 
which satisfy a modified Jacobi identity: 



where := and are local coordinates on M. Of course, in the untwisted 
case, H = 0, IT is a Poisson structure and (|2.1|) reduces to the Jacobi identity. 

Assume we want to endow the twisted Poisson manifold (M, II, H) with a 
covariant connection. It is natural to demand this connection to be compatible 
with II, so that the covariant derivative of II vanishes. Already in the untwisted 
case one can prove (|14j) that a compatible covariant connection exists if and 
only if the rank of the Poisson tensor is constant. Much of the interest of Pois- 
son and twisted Poisson structures resides in the fact that the rank of II can be 
non-constant, differing in an essential way from symplectic and twisted symplec- 
tic manifolds. Therefore, the notion of covariant derivative is not appropriate 
for twisted Poisson manifolds. The relevant concepts in Poisson manifolds are 
those of contravariant derivatives introduced by Vaisman ( ^3] ) and contravariant 
connections developed by Fernandes (0). Next, we extend their definitions and 
some results to the case of twisted Poisson manifolds. 

A contravariant derivative on a vector bundle E over the twisted Poisson 
manifold (M,H,H) is an operator V such that for each a € 1 (M), V Q maps 
sections of E to sections of E satisfying: 



where lip : T* M — > T p M is defined by contraction with the first index of II. 

A contravariant derivative defines a contravariant connection in an analogous 
way to the covariant case. We shall be interested in defining the contravariant 
derivative of tensor fields on M. To this end it is enough to have a contravari- 
ant derivative on E = T*M. Take local coordinates on M and define the 



w p d p Ti PCT + iTOpir^ + w p d p w v = n^ir^irTH, 



(2.1) 



(i) V ai+a2 ip = V ai ip + V a2 tp 

(ii) V a (ipi + fa) = V a ^i + V a ip 2 

(iii) V/ a V> = fV a ip 

(iv) V a (/^) = /V^ + II«c*(/)V> 



Christoffel symbols Tp U by 



v dx ,dx» = r^dx" 



(2.2) 
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The contravariant derivative of a tensor field K of type (p, q) is given by 

p 

0=1 

6=1 

A tensor field K is said parallel if VK = 0. The relevant result for us is given 
by the following 

Theorem: Let {M, II, H) be a twisted Poisson manifold. Then, there exists 
a contravariant connection such that II is parallel. 

Proof: Let {Ui} be an open cover of M. Take local coordinates on Ui and 
define 

F^ p = d p W - ^ a U^H pa/3 (2.4) 

On Ui, II is parallel for the contravariant connection V(j) with symbols Tr{\. If 
J2i /j = 1 is a partition of unity subordinated to the cover {Ui}, V = ^ /iVVj) 
gives a contravariant connection on M such that VII = 0. □ 



3 The Courant bracket on TM®T*M. Twisted gener- 
alized complex structures and twisted Poisson struc- 
tures. 

Let M be an m-dimensional differentiable manifold. Given a closed 3-form H the 
H -twisted Courant bracket on TM © T*M is defined by 

[Xi+Ci,X 2 +6]h = [X 1 ,X 2 ]+Cx 1 £2-£x a Zi-2 d ( i x&-ix a £i)+ixiix a H (3.1) 

for X 1 + £ 1 ,X 2 + & G C°°(TM © T*M). It is skew-symmetric but not a Lie 
bracket since it does not satisfy the Jacobi identity. The bracket ()3.ip makes 
TM © T*M into a Courant algebroid. 

An H-Dirac structure L in TM ®T* M is a maximally isotropic subbundle of 
TM © T*M with respect to the natural pairing 

(Xi+£i,*2 + 6)=£i(* 2 ) + &(*i) (3.2) 

and whose sections are closed under the H- twisted Courant bracket. 
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f/-Poisson structures can be denned in a nice way in this language. Namely, 
the graph of a bivector field II, 

Ln = {(n"£, £) € TM © T*M\£ G T*M} (3.3) 

is an i/-Dirac structure if and only if II is an //-Poisson structure. 

If x p are local coordinates on M and take (cL, dx p ) as a basis in the fibres of 
TM © T*M, the bilinear form reads 

HI o m ) <"> 

An almost generalized complex structure is a linear map J : TM © T*M — > 
TM © T*M such that tfTJ = 1 and J 2 = -l 2m . For such J define p± = 
\{\-2m i *c7)- The almost generalized complex structure is an H-twisted gen- 
eralized complex structure if 

P T lp±(X 1 + t 1 ), P ±(X 2 + t 2 )] H = 0, VX 1 +Z 1 ,X 2 + &eC°°(TM(BT*M) (3.5) 



In the coordinate basis (c^,dx^) we can write, 

J=(l I) (3.0) 

where J : TM -» TM, P : T*M -» TM,L : TM -» T*M,K : T*M -> T*M. 
The condition J l TJ = T becomes 

Jt + V = °» P^ = -P^, L^ = -L^ (3.7) 

whereas J" 2 = — l2m translates into 

J» v J\ + P^L vX = -6» x (3.8a) 

jm p^A + p/wjj^A = o ( 3 . 8b ) 

K/V+W X = -^A (3-8c) 

K/L, A + L F / A = (3.8d) 

We shall not need the coordinate expression of the differential conditions 
coming from (|3.5|) . We just want to point out that one of these conditions implies 
that P is a Poisson structure, i.e. 

P^d p P ua + P up d p P ap + P up d p P^ = (3.9) 
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The action of a 2-form 6 on TM T*M denned by 

e b (X + :=X + i + i x b (3.10) 

is said a b-transform. The interesting point is that this action is a morphism of 
Courant algebroids. Concretely, 

e 6 ([X! + X 2 + &] H ) = [e\X 1 + 6), e b (X 2 + &)] H+db (3.11) 

It follows that the 6-transform of an iZ-twisted generalized complex structure 

J, 

Jb := e b Je- b (3.12) 

is an {H + d6)-twisted generalized complex structure. 

Under a 6-transform (|3.1U|) . the .ff-Dirac structure Ljj is transformed into 
e fc (Ln), which is an (H + d6)-Dirac structure. However, the subbundle e b (Ln) 
is the graph of a bivector field if and only if \ m + 611 is invertible. In this case, 
e b (L u ) = L Ub , where 

U b :=n(l m + 6II)- 1 (3.13) 

is an (H + d6)-Poisson structure. 

If 6 is closed the transformation (|3.10|) gives an orthogonal automorphism of 
the twisted Courant bracket. The most general orthogonal automorphism of the 
twisted Courant bracket is a semidirect product of a diffeomorphism of M and a 
6-transform with 6 £ r2 c i ose( j(M). 

4 Extended supersymmetry in the WZ-Poisson sigma 
model 

Let S ' be the supercircle with coordinates a = (cr,9). In local coordinates the 
cotangent bundle of the superloop space, T*LM, is given by scalar superfields 
$^((7, #) and spinorial superfields S^(a,6). In components, 

d>/» = X/» + 0A», = Plt (a) + Op^a) (4.1) 

where and p M are bosonic fields. 

Assume that M is equipped with a closed 3-form H. Then, the following 
2-form on T*LM is symplectic: 

u = J d<j&8 (sQ" A 5S^ - ^H^pD^S®" A 5$p\ (4.2) 

where <5 stands for the de Rham differential and D = dg — 9d a . Since u is closed 
and non-degenerate, it defines a Poisson bracket on functions of the superfields 
which we shall denote by {•,•}. 
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The basic Poisson brackets read: 

{$"(cr),$V)} = 
{&{o),S v {p>)} = 8$8{a-o>) 

{S„{a), S v {a')} = H^pDmia - a') (4.3) 

with 8{a — a') the superspace delta distribution. Notice that 

Sp^Sp- B^DW (4.4) 

is a canonical transformation for closed B. 

The Hamiltonian formulation of the N = 1 supersymmetric WZ-Poisson 
sigma model (WZ-PSM) is as follows. The phase space of the theory, denoted by 
C, is the set of points of T*LM satisfying the constraints: 

D^(a, 9) + U^{^)S u (a, 9) = 0, p = 1, . . . ,m (4.5) 

which are a consequence of the singular nature of the Lagrangian of the WZ-PSM 
(jnj). The Hamiltonian of the WZ-PSM can be written: 

H = [ F fl (a,9)(D^(a,9) + n^(^)S u (a,9))dad9 (4.6) 

where the fields act as Lagrange multipliers. The consistency of the model 
requires n to be an //-Poisson structure. In the Hamiltonian formalism this is 
obtained as the condition for the dynamics to preserve the submanifold C, i.e. 
{D^ + W v S u ,H}\ c = 0. 

By construction, the WZ-PSM is invariant under the supersymmetry trans- 
formation generated by: 



Qi(e) = J dae L^X" - p^dX" - ^H^X" X"j 



(4.7) 



where dX» = 

We address now the issue of extended supersymmetry in the WZ-PSM. The 
most general ansatz for a second supersymmetry transformation is given by (|15j) 

Qa(e) = ~\ I dad9e(2D^S v J v + DWD&L^ + S^P^) (4.8) 
2 Js 1 ' 1 

As shown in ^1 in a model-independent way, the generators Q2(e) satisfy 
the supersymmetry algebra if and only if 

J=( J L / Jt ) (4.9) 
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is an H- twisted generalized complex structure. In this context, the canonical 
transformation (|4,4|) is identified with a 6-transform for closed B, i.e. an auto- 
morphism of the Courant algebroid. If B is not closed, S p i— > S p — B pu D<& v 
is not a canonical transformation and it changes the twisting term in (|4.2|) . In 
particular, if H = dB it untwists the symplectic structure. 

It remains to find out when Q2(e) generates a symmetry transformation of 
the WZ-PSM. That is, when 

{Q 2 (e),H}| c = (4.10) 

At this stage one expects that (j4.1U|) holds only if some compatibility condi- 
tions relating J and IT are satisfied. These conditions were worked out in the 
Lagrangian formalism for a general (untwisted) first-order sigma model in |llj . 
It turns out that in the general case some algebraic as well as differential condi- 
tions must be imposed. Our aim is to prove that in the WZ-PSM the differential 
conditions are automatically implied by the algebraic ones. We shall see that the 
contravariant connections introduced in Section 2 are extremely helpful in the 
derivation of this result. 

A direct calculation shows that (|4.10j) holds if and only if the following two 
conditions are met: 

Algebraic condition: 

PP V + J" p UP u + W p J v p - W p L pa Xl uv = (4.11) 
Differential condition: 



+{U^d/3 J" 7 - dpU^J^ + d 1 W f3 J v p)WP+ 

+n^(n^9 /9 j" 7 - dpWpj^ + d^jpp)- 

+{P au + J a T W u )IiP^PH Pai = ' (4.12) 

The untwisted version of the differential condition (|4.12j) was deduced in 
(see equation (6.35) therein) for a general untwisted sigma model. In the case of 
non- vanishing metric it was interpreted as a condition of constancy with respect 
to a covariant derivative compatible with the metric tensor. The WZ-PSM is the 
limit of vanishing metric of the twisted first-order sigma model and there is no 
such covariant derivative at hand. We have learnt in Section 2 that the natural 
objects which allow to compare tangent spaces at different points of a twisted 
Poisson manifold are contravariant connections. In fact, after some manipulations 
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we can rewrite condition (|4.12|) in terms of the local symbols (|2,4j) 2 : 

yppvp + {y^r^ipf + ir^y j p 7 ) - n^(v^L 7Q )ir v + 

+(p au + j a T u TU - ,r T u Ta - n aS L ST n TV )wmP p Hp ai = o (4.13) 

Using that VII = we can go one step further and write: 

+{P au + J a T W v - J u T W a - U aS LsrW^U^PH^ = (4.14) 

which is obviously satisfied if the algebraic condition Q4.11|l holds. Hence, we 
obtain the remarkable result that the WZ-PSM has a second supersymmetry (|4.8j) 
if and only if J is a generalized complex structure and the algebraic condition 
(|4.11j) is satisfied. This gives an enormous simplification with respect to the 
general sigma model, in which the differential condition analogous to (|4.12|) is 
not necessarily implied by the algebraic ones. 

Now, we would like to give a geometrical interpretation of (|4.11|) 3 . which 
imposes a compatibility condition between the iL-Poisson structure II and the 
Poisson structure P. Define two endomorphisms of TM © T*M by 

-(o")< -Co"") 

Notice that if = r^i = 1,2. t\ projects onto the Dirac structure Ln (see 
definition l|3.3|) ) along TM. T2 projects onto TM along Ln- In particular, 
Im(ri) = Ker(r2) = Ln, which will be the important point for us. 

In matrix notation the condition (|4.11|) can be expressed as 

^{i -j.) ti=0 < 4 - i6 > 

which says that J can be restricted to an endomorphism of Ln- That is, the 
WZ-PSM supports extended supersymmetry if and only if 

J(L n ) C L n (4.17) 

Note that the canonical transformation (|4.4jl can be viewed as a 6-transform 
with b = —B € ^closed (M) acting on J and II. Since a canonical transformation 
does not modify the Poisson brackets, one would expect that (|4.11j) hold for the 
transformed objects 

J-B = (jr B B ^j^) . U -B = n (!- " #11) - 1 (4.18) 
2 We omit the subscript (i) referring to an open set of a cover of M. 

3 The condition l|4.11^ was already deduced in |T], but a geometrical interpretation was lacking. 
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This is not evident from (|4,11|) , However, the result follows easily by using 
that the expression (|4.16f) is manifestly invariant under a ^-transform. But the 
argument is purely algebraic so that the result holds even if B is not closed. 

The fact that in the WZ-PSM there is only one algebraic compatibility con- 
dition between J and II, given by (|4.11|) . should make easier the search of back- 
grounds admitting extended supersymmetry. Notice that when trying to solve 
(|4.11|) one can use that it is invariant under a fo-transform. Therefore, if H = dB 
and l m — BU is invertible one can look for solutions of (|4.11|) in terms of the 
untwisted objects and twist back at the end of the day. 

5 Conclusions 

We have continued the work |15j . where it was shown that extended supersymme- 
try in phase space for twisted two-dimensional sigma models requires a twisted 
generalized complex structure J on the target. We have considered the particular 
case of the super symmetric WZ-Poisson sigma model (WZ-PSM) and analysed 
the compatibility conditions relating J and the twisted Poisson structure II. The 
notion of contravariant connections on twisted Poisson manifolds helps to show 
that the WZ-PSM admits N = 2 supersymmetry if and only if 

J(L U ) C Ln 

where Ln C TM®T*M is the Dirac structure associated to II. The simplification 
coming from the absence of differential conditions makes the WZ-PSM into an 
interesting mathematical laboratory and should allow to construct examples of 
supersymmetric backgrounds not previously discussed in the literature. 

In this paper we have not considered the model defined on a surface with 
boundary. First, it would be worth to study in detail the admissible branes for 
the non-supersymmetric WZ-PSM, which should yield a twisted extension of the 
results of 3 . When H = dB and l m — BU is invertible, one can untwist the 
theory and reduce it to the standard Poisson sigma model. However, for non- 
exact H or non-invertible l m — BU there are subtle aspects which deserve to be 
investigated. Then, one could turn to the supersymmetric WZ-PSM to identify 
the D-branes which preserve supersymmetry. 

Of course, it would be interesting to perform the calculations presented in 
this paper for a completely general twisted first-order sigma model, i.e. with 
non-vanishing metric. This will be the subject of further research. 
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